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Abstract. In this paper we study the tensor category structure of the module category of the restricted 

^ ' quantum enveloping algebra associated to sb- Indecomposable decomposition of all tensor products of 

^ modules over this algebra is completely determined in explicit formulas. As a by-product, we show that 

, the module category of the restricted quantum enveloping algebra associated to is not a braided tensor 

' category. 

(N 

^ ] 1. Introduction 

• In the study of quantum groups at roots of unity, the case of p-th roots of unity with a prime number p 



has been considered more than other cases. However, the representation theory of restricted quantum groups 
at n-th roots of unity with an even integer n has pointed out to be concerned with knot invariants ( [MN| ) 
and logarithmic conformal field theories ( [FGSTl] . [FGST2j ). and this type of algebra seems to be becoming 
a more interesting object. We study on the module category of the restricted quantum 5(2 at 2p-th roots of 
unity with an arbitrary integer p > 2. 
i Let g be a primitive 2p-th root of unity in a fixed algebraically closed field of characteristic zero. The 

' restricted quantum group [/^(sb) is a Hopf algebra defined by generators and relations. Since by definition 

■ Uq{sl2) is finite-dimensional, its module category can be examined by technique of Auslander-Reiten theory. 
I Indecomposable left C/q(sl2)-modules of finite dimension are classified up to isomorphism by Suter (iSutj) and 

■ Xiao ( [X3j ). There exist 2p simple modules (two of them are projective), 2p— 2 nonsimple projective modules, 
and several infinite sequences of other indecomposable modules of semisimple length 2. This result implies 

' that all left J7g(s[2)-modules of finite dimension are classified, for such modules are expressed as direct sum 

^\ [ of indecomposable modules uniquely by the general property of Artin algebras (Krull-Schmidt Theorem). 

■ The Auslander-Reiten quiver of this algebra is also known, especially llqi^sh) has a tame representation type. 
Since Uq{sl2) is a Hopf algebra, its module category has a structure of a tensor category naturally. In 

this paper we study this tensor category structure, which seems to be important in the connection with the 
^ , topics mentioned above. 

■ Section [2] is devoted to a review on [/^(sb) and its module category. In Section [3] we give formulas for 
indecomposable decomposition of tensor products of arbitrary indecomposable t/q(sl2)-modules. In [Sutj one 
can find formulas for tensor products of simple modules with simple or projective modules. For computing 
tensor products of other types of modules, we use the following facts which come from general properties of 
finite-dimensional Hopf algebras (See Appendix A): 

(i) If T' is a projective J7g(s[2)-module, Z and V ®k Z are also projective for any t/q(s[2)-module 
Z. 

(ii) Projective modules and injective modules coincide. 

(iii) The category of finite-dimensional C/g(s[2)-modules has a structure of a rigid tensor category. From 
the rigidity we have Ext^ (s^)'^'^! ®^ 2,2,Zz) = Ext^ ^^^^^{Zi,Z3 (^k D{Z2)) for arbitrary Uq{5\.2)- 
modules Zi, Z2, and Z3, where D{Z) is the standard dual of Z. 

As a result we know that the module category of C/g(sl2) is not a braided tensor category if p > 3. As 
a corollary, we prove that Uq{sl2) has no universal i?-matrices for p > 3. An observation about this fact is 
given in the last section. 
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2. Indecomposable modules over Uq{sl2) 

Throughout the paper, we work on a fixed algebraic closed field k with characteristic zero. All modules 
considered are left modules and finite-dimensional over k. 

Let p > 2 be an integer and q be a primitive 2p-th root of unity. For any integer n, we set 

r 1 q'^-q^" 



q-q ^ 



Note that [n] = [p — n] for any n. 

In this section we summarize facts about the restricted quantum s[2, which one can find in |Sut] . [X3] . 
IFGST 2I and [Xnl]. 

2.1. The restricted quantum group Uq{sl2)- The restricted quantum group U ~ Uq{5l2) is defined as 
an unital associative /c-algebra with generators E, F, K, K'^^ and relations 

KR-^ = R-^K = 1, KER-^ = q^E, RFR-^ = q-^F, 
EF-FE= , R^P = 1, EP = 0, FP = 0. 

q~q 

This is a finite-dimensional algebra and has a Hopf algebra structure, where coproduct A, counit e, and 
antipode S are defined by 

A: El — > E (E) R + 1(E) E, Fi — > F (g) 1 + R^^ (g) F, 

R> — >R(g)R, R-^ > — >R-^(gR-\ 

e:E> — >0, Fi — > 0, R> — > 1, R-'^ > — > 1, 

S:E> — >-ER-^, Fi — > -RF, R> — >R^^, R^^ > — > R. 

The category J7-mod of finite-dimensional left [/-modules has a structure of a tensor category associated 
with this Hopf algebra structure on U. 

2.2. Basic algebra. Let A be an unital associative fc-algebra of finite dimension. The basic algebra of A 
is defined as follows: Let A — V^' be a decomposition of A into indecomposable left ideals, where 
Vi ^ Vj Hi ^ j. For each i take an idempotent ei E A such that Aa = Vi, and set e = X]"=i ^i- Then the 
subspace Ba = eAe of A has a fc-algebra structure naturally and is called the basic algebra of A. 

It is known (see |ASSj . for example) that the categories of finite-dimensional modules over A and Ba are 
equivalent each other by By^-mod — > A-mod; Z i — > Ae Z. 

The basic algebra Bjj of U can be decomposed as a direct product Bjj = Jls^o ^^'^ '^^^ describe 
each Bs as follows: 

• Bq = Bp = k. 

• For each s = 1, . . . ,p — 1, B^ is isomorphic to the 8-dimensional algebra B defined by the following 
quiver 




with relations t^t^ = for i = 1, 2, and t^t^ — t^t^ ■ 
The algebra B is studied in [Sut| and [X3| and is known to have a tame module category. We shall 
review on the classification theorem of isomorphism classes of indecomposable S-modules. Note that one 
can identify a _B-module with data Z — (V^ ,t^2:t'''2Z^'''izt'''2z)^ where is a vector space over k 
and Tj^2: ■ "^z — * '^z (* = 1' 2) are fc-linear maps satisfying Tf^2.'''Tz = 0, t^z'''2Z = '''^z'''^^ z- 

Proposition 2.2.1. Any indecomposable B-module is isomorphic to exactly one of modules in the following 
list: 

• Simple modules 

X+ = (fe, 0, 0, 0, 0, 0), X- = (0, k, 0, 0, 0, 0). 
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• Projective-injective modules 

= (fc^, fc^, ei,i, 62,1, 62,2, 62,1), = (fc^, fc^, 62,2, 62,1, ei,i, 62,1), 

where for positive integers m, n and i ~ 1, . . . , m, j = 1, . . . ,n we denote the composition of j-th 
projection and i-th embedding fc" — > k > /c™ by Cij. 

. M+{n) = (A;"-i,A:M::r,i6,,„E:r/6,+i,„o,o), M-{n) = (F\fc"-i,o,o,E:rii6,,„E:ri'e.+i,o 



for each integer n > 2. 

W+{n) = (fc",fc"-i,X 
/or each integer n > 2. 



. W+(n) = (fc",fc"-i,E:ri'eM,Er=i'eM+i,0,0), W-(n) - (A;""!, fc", 0, 0, Er="i' e^M, EL"i' ^M+O 



• f+(n;A) = (fc", fc", (/3i(7i; A), V32(?^; A), 0, 0), f in;X) — (A:", A:", 0, 0, cpi(7z; A), (p2(n; A)) /or eac/i in- 
teger n> 1 and A G P"'^(fc), where 

( t ^^ I ^^^ / (/? • id + E^l' ^M+l , id) (A = [/3 : 1]) 
((/?l(n;A),v32(?^;A)) = <^) 1 n nn ' 

i(id,E»=i e«,»+i) (A = [1 : 0]) 

iJemarfc 2.2.2. A"-, X+(n), >V+(n), A)} and {A"-, (n), (n), (n; A)} both corre- 

spond to indecomposable modules over the algebra of the Kronecker quiver (two vertices with two arrows 
in the same direction). Using dimension vectors Z i — > (dim , dim ) , Those are parameterized by the 

positive root system of A^^''-type (modules of types X, M, W correspond to real roots, while those of type 
£ correspond to imaginary roots). 

2.3. Indecomposable modules. Denote by C{s) the full subcategory of [/-mod corresponding to Bs- 
modules (considered as B^-modules) for s — 0, . . . ,p. Each indecomposable [/-module belongs to exactly 
one of C(s) (s = 0, . . . ,p). 

Each of C(0) and C{p) has precisely one indecomposable module (denote X~ , respectively). 

For s = l,...,p— 1, indecomposable modules from C(s) are classified by Proposition l2 . 2 . 1| as the following 
proposition. 

Definition 2.3.1. For s = 1, . . . — 1, Let $s be the composition of functors i?-mod — > _B-jj-mod — > U- 
mod, where the first one is induced from By = YVl=o — > Bg = B and the second one is expressed in 
the previous subsection. 

We denote by X+ , X-_^, V+ , Vp_„ Mtin), Mp_,in), >V+(n), Wpl^(n), £+{n; A), £pl^(n; A) the images 
of V+, V-, M + {n), M-{n), W+{n), W-{n), £+(n;X), £-{n;X) by 

Proposition 2.3.2. Each subcategory C{s) {s — 1, . . . ,p — 1) has two simple modules X^ and X~_g, two 
indecomposable projective-injective modules Vf andV~_g, and three series of indecomposable modules: 

M.^{n) and M.p_g{n) for each integer n> 2, 



• W+(n) and Wp_s{n) for each integer n > 2, 



• £^{n; A) and £p_g{n; A) for each integer n > 1 and A G P"'^(fc), 
Any indecomposable module in C{s) is isomorphic to one of the modules listed above. 

Properties of the module category of U, without taking the tensor category structure into account, can 
be proved by passing to B-mod. 

Proposition 2.3.3. (i) There are no U -modules with semisimple length 3, and the only indecomposable 
modules with semisimple length 3 are projective modules Vf^ with s = l,...,p— 1. 

(ii) topT^^ Xt, top7W±(n) = {X^y-^ , top>V±(n) ^ {X^T , to^£f{n-\) = (A"*)". 

(iii) socVf - X^, socXf (n) - [X^^^T , socWfin) - (A-^^J-i, soc£t{n-\) - {X^_,r. 

Proposition 2.3.4. dm\kXf- = s, dinifeT'j'^ — 2p, dimfcA^^(n) — pn — s, dimfeW^(n) = pn — p + s, 
dim/j £^{n; A) = pn. 

We describe some indecomposable modules explicitly by bases and action of U on those. 

Proposition 2.3.5. (i) X^ (s — l,...,p) is isomorphic to the s-dimensional module defined by basis 
{an}n=o,...,s-i and U-action given by 

Ka,,^±q^-^-'-a^, = | ±["1 " "1"-^ ^ °) , Fa,, ^ {n ^ s - I) 

^ ' [0 (n = 0) [0 (n = s-l) 
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(ii) £J^(1;A) {s — l,...,p — 1, A = [Ai : A2]) is isomorphic to the p- dimensional module defined by basis 
{bn}n=o,...,s-i ^{xm}m=o,...,p-s-i and U-action given by 

Kbn = ±(7^-i-2"5„, Kx„, = TQ^'-'-'-^'^x^, 



F6„ 



±[n\[s - n\bn-i 

bn+1 {n^ s- 
XiXq {n — s — 



(n^O) 
Ft 




EXrn. ~ 



Xni+i (m^p - s 
(m — p ~ s 



m]Xrn-l {m ^ 0) 
(m = 0) 



2.4. Extensions. We describe the projective covers and the injective envelopes of indecomposable U- 
modules which we use in the sequel. 



Proposition 2.4.1. There exist following exact sequences 

^ M^_M) {Vfr ^ Mtin + 1) 
W;L,(n + 1) ^ {Vfr ^ 
Ej_An; -A) {VfT ^ A) 







>o, 

0, 
^ 



Xt^ . Moreover, each 



for each s = 1, . . . ,p — 1, n > 1 and A G P^(A;), where we set A^J_g(l) 
sequence gives the projective cover of the right term and the injective envelope of the left term. 

The first extensions between indecomposable J7-modules can be calculated by passing to i?-mod and 
using the Auslander-Reiten formulas f [ASSj ). 

Proposition 2.4.2. (i) Ext|^(£± (n; A), A"*) =0, dim^ Ext|^(£±(„; A), A'pL,) = n. 

(ii) dimfcExti^(A'±,f±(n;A)) - n, Exti^(A'pL„ f ±(n; A)) = 0. 

(iii) dimfe Exti.(£j^(m; A),£j'=(n; ^)) = (5a^ min{m, n}, dinifc Extij-(£J^(TO; A), -/x)) = min{m, n}. 

Proposition 2.4.3. Let s = 1, . . . ,p - 1, n > 2 and A e pi(fc). Then th ere exist exact sequences 

Ef{n - \;\) ^ Ef{n-\) ^ Et{l-X) ^ Q. 

3. Calculation of tensor products 

3.1. Tensor products of simple modules. Tensor products of simple [/-modules X'^^X^ {—®— means 
— (8)^ — , here and further) have been studied in [Sutj . Here we present the results with some different 
notation. 



Definition 3.1.1. For s,s' 



and set /. 



1, . . . ,p with s < s' , define Is^s' and Jg.s' by 
= {t = s' - s + 2i - I \ i = I, . . . , s, t < 2p - s - s'}, 
Js,s' - {t ^ 2p - 2z - s' + 5 + 1 I i = 1, . . . , s, t < p}, 
= Js' ,s for s, s' = 1, . . . ,p with s > s' . 



Let us give an example. When p = 5, I^^s' and Js,s' are as the following table. 



/ 


1 


2 


3 


4 5 


J 


1 2 


3 


4 


5 


1 


{1} 


{2} 


{3} 


{4} 


1 











{5} 


2 


{2} 


{1,3} 


{2,4} 


{3} 


2 








{5} 


{4} 


3 


{3} 


{2,4} 


{1,3} 


{2} 


3 





{5} 


{4} 


{3,5} 


4 


{4} 


{3} 


{2} 


{1} 


4 


{5} 


{4} 


{3,5} 


{2,4} 


5 














5 


{5} {4} 


{3,5} 


{2,4} 


{1,3,5} 



We collect some properties of Ig.s' and Jg^s' for later use, a proof of which is straightforward. 
Proposition 3.1.2. Let s, s', t,t' = 1, . . . ,p. 

(i) J,,.. C{l,...,p-1}, Js,s' C{l,...,p}. 

(ii) Is,s' n Js^s' = 0. 

(iii) //s = 1,.. 1, Lp^s^s' ^{p-t\te Ls^s'}- Ifs^p, Lp,s' = 0. 

(iv) t € Is^s' implies s' G /s.t- 

(v) Js^s' = Jt,t' ifs + s'^t + t'. Lf s + s' <p, Js^s' = 0- 

Remark 3.1.3. Since Js^s' depends only on s + s' by (v), we denote it by Js+s' in the following. 
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Theorem 3.1.4 ([Sut,). For s, s' = 1, . . . ,p we have 



tei, ,/ teJ. 



rf®x^ = x^®vt^vj, 

where we set Vp — X^ . 

Remark 3.1.5. The second and third formulas of the theorem enable us to compute the tensor products 
X- ^ X+ (g> X^ and Xf ^ X', . For example, X' (g) X^ ^ X[- (g) X+ O Xj; ^ X{- (g {®tei, ^t^ ® 
©tGJ + / ^t^) ~ ®te/ / '^t~ ® ®teJ + / ■ ^^'^ following this kind of procedure will be omitted. 

3.2. Tensor products with projective modules. The tensor products of projective modules with simple 
modules are also computed in [Sut| : 

Theorem 3.2.1 ([Sut ). For s = 1, . . . ,p — 1 and s' = 1, . . . ,p we have 

vt®xi-x+®vt^ n+© {vtf® {vn^- 

Since the right side of the formula above is projective, we can calculate the tensor products of projective 
modules with arbitrary modules. 

Corollary 3.2.2. Let s — 1, ... ,p — 1 and Z he an arbitrary U -module. Then Vf' g) Z and Z g) Vf' remain 
the same up to isomorphism if one replaces Z by the direct sum of its composition factors. 

Example 3.2.3. For s, s' = 1, . . . ,p — 1 and n > 2 we have 

Vt <E) Mt,{n) Mt,{n) g) Vf 

^vt®{{x;_,,r®{x+r-') 

= {{vtT-'®{Vp^tT)® [vtf-^® (T'+f" 
® (n^)'"© {v^?''-\ 

where in the last isomorphism we use Proposition 13.1.21 (iii) . 

3.3. Tensor products with A4^(n) and 'W^{n). The tensor products oi Mf{n) and Wfin) can be 
calculated inductively by using their projective covers and injective envelopes stated in Proposition 12.4.11 
and that both — g) Z and Z g) — are exact functors from A- mod to itself (since fc is a field). 

The conclusion of this subsection is as follows: 

Theorem 3.3.1. For s, s' ^ 1, . . . ,p — 1 and m,n > 2 we have 

Mt{n)®X+^X+^Mt{n)^ ^ M + in)® ^ iVtr-'® (7^)", 

Wt{n)g>X+^X+g>Wnn)^ {V+T ® (7'r)"-\ 

Mt{m)g)Mj,{n) 

tel.,.,' t'^Js+B' te,/2„-a-,' 

>V+(m)(g)W+(n) 

= (>V+(m + n-l)e(7'+)(™-i)("^i))® (T't+r"® 
® {VtT^"'^^® (T'r)^"^'^", 



(T'r)^"-'^"® {V, 
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(TT)*"-^)*"-^^® 



where yt{m,n) is defined by 



'A^4+(m- n + 1) ® if m > n 

>Vpl,(n-m + l)eCPt+)('""i)" ifm<n 



and 



Mfin) (g) A-f = (g) (n) = (n), 
Wtin) (g) X{ = A-f ® (n) = >V,^(n). 

Proof. We only prove the third formula in detail, for the proof of others is similar. 

Suppose the formulas about M~^{n) ® and A^+(m) ® — 1) (here we set A^J(l) — X~_g as 

before) have already shown. Proposition 12.4. H and the previous lemma give an exact sequence 

— > X+(m) ® M7p_,,{n - 1) — > Mt{m) ® {V^.T^^ — " Mt{m) ® M+{n) — > 0. 

By hypothesis the left term is isomorphic to 

Note that we have by Proposition 13.1.21 (iii) 

(Al+_*(m + n - 2) ® ^ ^Mt{m + n - 2) ® (p-.J^—^^^-^)) . 

On the other hand the central term is calculated as in Section 13.21 and is isomorphic to 

© {v^_tr^"~'^) e (75+)(2™-2)(«-i) e (7.+)2™(»-i) 



Projective summands in the left term also appear in the central term since projective modules are injective, 
and we notice that an injective homomorphism from Ji4f{m + n — 2) to an injective module must factor 
through the injective envelope in Proposition l2.4.Il Consequently we know that the right term is isomorphic 
to 

{Mp_t{m + n - 1) © © jm(n-l)-(™-l)(„-2)-(m+„-2)^ 

(••p + ^(2m-2)(n-l)-(m-l)(n-l) ^ ^p + ^2m(n-l)-m(n-2) 
(••p--)(2m-2)(n-l)-(m-l)(«-2) ^ >j2m(n-l)-m(n-l) 

and the result follows. □ 
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3.4. Tensor products of £^{1; A) with simple modules. In this subsection we shall compute A)0 
and (g) f A), which is the only case we need explicit calculation in. 

Proposition 3.4.1. For s = 1, . . . ,p — 1 and A e ¥^{k) we have 

f±(l;A)®A'f ^£?(1;-A), 

X~<E>£t{l;X)=£f{l;{-ir~'X), 
where for c G k and A = [Ai : A2] G P^(/c) we set cA — [cAi : A2]. 

Proof. Since Z ® X^^ ® X^^ = Z (g) X^ = Z for any J7-module Z, it is enough to consider the case about 
f+(l;A). By Proposition I2.3.5( we can assume X[' = kao, f+(l;A) — ®",^Qkbn ® ©^^o" ^'^^^ tr- 

action given as that proposition. Then £^{1; A) (8) X[' has basis {6„ (g) ao}n=o,....s-i U ^ ao}m=o,...,p-s-i 
and {/-action on these vectors is as follows: 

K{bn ® ao) = -g""^"2"6„ ao, K{x„^ ® oq) = gP"""^"^"^™ ® ao, 

J -[n][s-n]6„_i(g)ao 7^ 0) J [m] [p - s - m]a;™_i (g) Cq (to ^ 0) 

® ao) = <^ , (g)ao) = < / ' 

|^-A2.Tp_5_i (g) ao (n = 0) 1^0 (to = 0) 

F{bn<E)ao) = i F{x„i(E)ao) = i 

IAia;o<gao [n = s — l) 10 [m = p — s — 1) 

This shows immediately ^^'"(1; A) (g X^ = £7(1; — A). 

Similarly, A"]" g) £^{1; A) has basis {ao gi 6n}n=o,....s-i hi {ao gi x,n}m=o,...,p-s-i and {/-action on these 
vectors is as follows: 

K{ao (g bn) = -g""^"2"ao (g 6„, i4:(ao (g a;™) = qP-'-^-^'^ao (g 

j[n][s - n]ao (g 6„_i (?^ 7^ 0) J -[m][p - s - TO]ao g) (to 7^ 0) 

^^(ao®fe„) = < / n^ ' £^(ao g)a;m) = <^ , 

I A2ao ® a;p_5_i (n = 0) 10 (m = 0) 

„, X /-ao«'{'«+i (n7^s-l) f-aog)a;„+i (TO^^p-s-l) 

F(ao(g5„) = <^ i^(aog)a;„) = <^ 

I— AiflQ^xo (n = s — Ij 10 (TO==p— s— 1) 

We take basis |(— l)"ao ® 11 {(— l)™ao g) a;m}^_Q and note that 

E{ao (g bo) = {-ir-'-^{{-ir-'-'X2ao ® F((-l)^-iao (g> 6.-1) = (-l)^Aiao ® a;o, 

then we can see that A-f ® f+(l; A) = ^^(l;^) with /i = [(-l)"Ai : (-1)P"""U2] = (-1)^"^. □ 

We shall next compute £^{^1 A) ® X^ and A'2"'" g) £f{n] A). 

Lemma 3.4.2. Let Z be a U -module and s — 1, . . . ,p. 

(i) If V Cz Z satisfies 

Kv = ±q""^w, FP^^u 7^ 0, and Ev ^ aF^-^v 

for some s — \, . . . ,p — 1 and a (E k, then ^F^'^ a submodule of Z isomorphic to [1 : a]). 

(ii) If V Cz Z satisfies 

Kv = ±q-''+^v, EP-^v ^ 0, and Fv = 
for some s = 1, . . . ,p — 1, then ^^=1 kE^v is a submodule of Z isomorphic to £f- (l; [0 : 1]) . 

(iii) If s = p and v £ Z satisfies the conditions in (i) or (ii), then ^^^\ kF^v or kE'^v, respectively, 
is a submodule of Z isomorphic to X^ . 

Proof. The assertions follow by comparing the standard equations 

EF^ = F"E + ^ , 

q-q 1 



FE"^ = E''F - [n]E''-^- 



with Proposition l2.3.5l □ 
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Proposition 3.4.3. For s = 1, . . . ,p — 1 and A = [Ai : A2] G P^(fc) we have 

£:+(!; A) ® X+ = (^1; (^1; |^a) , 

x+ ® f +(1; A) - (i; - [7^^) ® ^ii (15 - [ITiI^; ' 

where we put (l; ± ^ Jj-^j A) = if s = 1, and £^^i (l; ±|jijA) = X^^ if s = p — 1. 

Proof. It is enough to show that the modules on the left-hand sides have submodules isomorphic to direct 
summands on the right-hand sides, because any nonzero J7-module cannot be isomorphic to a submodule of 
f+_i(l;±|J^A) and (l; i^ti^A) simuhaneously. 

As in the proof of Proposition 13.4.11 we can take basis {6„ (g) a;} 11 {xm ® a;} {n — 0, . . . , s — 1, m = 
0, . . . ,p — s — 1, I = 0, 1) of £^{l; A) (S) X2 in which [/-action on 6„, Xm, o; is as Proposition 12.3.51 Let 
V = [s\q^ho ® aQ + X^Xp-s-i ® ai. Then Kv = q'^v and, using the standard equality 



A;=0 

M! 



pn-kj^-k ^ pk 



(where [I] = j^^^^ with [fc]! = ni=i[^]): we have 

PP-^ = [s]q''{pP-^bo<»an + qP-^[p^l]PP-^K-^bo®Pao) 
= [s]Ai(g*Xp_5_i (g)ao- q^^Xp^s-2 <^ Oi), 
Ev = [s]q''Ebo <Xi KaQ + X2{Exp^s~i Kai + Xp-^-i Eai) 

= ([s](7'*+-^A2 + \2)xp-s-i <8i ao - - s - l]q^^ \2Xp-s-2 ai 
= [s + l]A2(q''a;p-s-i (8) ao - q^^Xp^s-2 ® ai). 

Hence if A 7^ [0 : 1], v satisfies the condition of (i) (or (iii) when s = p — 1) of the previous lemma and 
thus 5+(l; A) (X) X^ has a submodule isomorphic to [ A) . If A = [0 : 1], one can verify that 

V — q^Xp-s-i (X" ao — q~^Xp-s-2 ai satisfies the condition of (ii) (or (iii) when s = p — 1) of the previous 
lemma by using the equality 



A{E") = Y,q 



k{n~k) 

H 

k=Q 



E^ (^E'^-^K^ 



and in this case also £+(1; A) ® X2 has a submodule isomorphic to -jjijA). Similarly, if we set 



w 



= 61 (g) ao — q[s — l]bo ai then Kw = q^ and 



PP ~ —[s]\iXp-s~i ^ ai, Ew ^ -[s - l]X2Xp-s-i ^ ai 

hold, hence the previous lemma shows that £+(1; A) X^ has a submodule isomorphic to p^jjA) 
as desired (if A = [0 : 1] set w = Xp-s-i ® ai then the same argument applies). 

In the case of X2 <Xi S^i^' A) one can prove the assertion by the same process: if we set v — [s]ao 60 + 
A2ai (8) Xp^s~i and w — [s ~ l]ai bo — g*~^ao (81 61, we have Kv — q^v, Kw = q^~'^w and 

PP^^v = -[s]Xi{qao (g) Xp^s-i - ai (Ki Xp^s~2), Ev = [s + l]A2(gao Xp-s-i - ai <8i Xp-s-2), 

PP^^v -[sJAiOi ® Xp-s-i, Ev = [s - l]A2ai ® Xp-s-i, 
which leads us to the desired results. □ 

Using Proposition 13.4.11 and 13.4.31 we can calculate tensor products £J^(1; A) (g) X^ and X^ (g) £^{1;X) 
inductively on s' as follows: if ^^'"(l; A) (g) Xf'^ has known for t < s' — 1, the isomorphism 

(£+(1; A) ® X+_,) <g> X+ - £+(1; A) ® {X+_, ® X+) - £+(1; A) ® {X+_2 © X+) 

= (£+(1; A) ® X+_2) ® (£+(1; A) ® X+) 

determines the indecomposable decomposition of ^^'"(1; A) ® X'^, . 
The explicit formulas are as follows: 
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Proposition 3.4.4. For s. s' = 1, . . . , p — 1 and A G P"'^(fc) we have 

A'+«£+(l;A)- £+('l;(-l)^'-i|f|A)e Vt® 7^- 

Proof. From the exact sequence 

— > X-_^ ® X+ — > (1; A) ® X+ X+ (g)X+ — . 

and X-_,0X+ - e,g,^ ^, A'-^^e0^^^^_^^^^ 7.-, A-/® A-.t = 0,^,^^, ^-+00,^^^^^, 7^+ by Theorem[3Tl 
and Proposition 13 . 1 . 2l we have 

£+(1; A) ® A-+ - ® V+ ® V[- 

with an exact sequence — > '^pl* — > Zt — > — > for each t g /^.s'- 

On the other hand, Proposition 13.4.31 and the calculation shown before the proposition, we see that 
a nonprojective indecomposable summand of £+(l;A) ® Xji' must be of the form f(^(l;|||A) with t — 

1, . . . ,p - 1. Then we have Zt ^ £^ {l; |f|A) since Zt cannot be projective. Thus we have the first formula. 
The proof of the second formula is similar. □ 

3.5. Rigidity. For computing tensor products for the rest combination, we use a fact on finite-dimensional 
Hopf algebras. 

Let A be a finite-dimensional Hopf algebra over k. Then it is known that A-mod is a rigid tensor category 
(c/. Appendix A). 

Definition 3.5.1. Let Z be a A-module. We define an A-module structure on the standard dual D{Z) — 
HoiUkiZ, k) by {a(p){v) — ip(^S{a)v) for a G ^, G D{Z) and v £ Z. 

As a consequence of the rigidity, we have the following proposition which is a central tool for computing 
tensor products {of. Appendix A). 

Proposition 3.5.2. For A-modules Z\, Zi, Z3 and n > Q we have 

Extl(Zi ® Z2, Z3) ^ Ext:^(Zi, Z3 ® D{Z2)) , Ext:^(Zi, Z2 ® Z3) = Extl(i?(Z2) ® 21,^3). 

Let us compute D{—) for our case A = U. 

Proposition 3.5.3. For s — 1, . . . ,p — I and A e P^(fc) we have 

D{Xt)=Xt, i?(£:+(l;A)) -£;_,(l;(-irA), A)) - (-If-^A). 

Proof. We only prove for £f{i \ A). The other parts are similar. 

Take basis {6„}„=o,...,s-i LI {x„i}m=o,...,p-s-i of £+(l;A) as Proposition [2331 Let {6* }„=o,...,s-i U 
{^*n\rn=a....,p-s-i bc the dual basis of this basis. Using the standard equalities 

if we put V = x*p_g_i then Kv = —q^^^^^v and 

pP-^v = ^(''-^^(f-i^Aia*, Ev = zpg-^+iAsaS- 

From Lemma [SXH this yields A)) ^ £-_^{l;^i), where = [^("-i)^^-!' Ai : -g-'+Ua] = (-1)"A as 

desired (in the case A = [0 : 1] the same argument as Proposition 13.4.31 is necessary). □ 

Proposition 3.5.4. For s — 1, . . . ,p — 1, n > 1 and A e P^(fc) we have 

D{£tin;\))=£-_,{n;{-iyX), 7 (n; A)) = (n; (-If-'^A) . 

Proof. We prove the first formula, for the second one is proved similarly. Since D preserves direct sum and 
dimension over fc, we know that D[£f{n; A)) is an indecomposable module of dimension pn, therefore this 
is of the form £^{n; fj,) or is projective (the latter case could occur only if n < 2). 
On the other hand by Proposition 13 . 5 . 2l we have 

dimfeExti^(i?(£+(n;A)),A'+) 
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= dinife Ext^{D{£+{n; A)) ® X+,X+) = dinife Extj^{X+ ,£+ {n; A) ® X+) 
= dimfe Ext^{X+,£+{n; A) (g> D{X+)) = diuik Ext^(A'+ ® A)) 
= dirrife Ext^l^Xj^ , £^ (n; A)) = n, 
dimfe Ext^(i? (£+ (n; A)) , (1; ^i)) 

= dinifc Ext|^(i^(£+(n; A)) A-^^, £+(1; /x)) = dimfe Ext|^(A'+, A) ® £+(1; ^i)) 

= dimfeExti^(A'+,f+(n; A) ® (-l)^/i))) 

- dinifc Ext|^(A'+ ® (-1)^^^) , A)) = dimfe Exti^ (£-_,(!; (-1)^^) , A)) 

^fl ((-ir^ = -A) 

Comparing these equalities with Proposition 12.4.21 we have D[£f[n; A)) = £p_g(^n; (— 1)*A) as desired. □ 

3.6. Tensor products of £^{n;X) with simple modules. Now we can calculate £^{n;X) (8) X^ and 
X^ (X) £f{n\ X) for general n. 

Theorem 3.6.1. For s, ,s' = 1, . . . .p — 1, n > 1 and A e P-'^(fc) we have 

£t{n-X)®X+= £tL}^x\® (T'+r® (7^)", 

X^®£t{n-X)^ £+('n;(-l)^'-iMA)® {VtT ® (T^r 



£t{n;X)^X^ =£^{n;^X), 

X^ ^£t{n;X)=£^{n;{-l)P-^X). 

Proof. We prove the first formula, for others are proved similarly. The same argument as Proposition 13. 4. 11 
shows that there exists an isomorphism 

£:+(n;A)®A'+= (V+r ® (7^)" 

and an exact sequence — > (A'plJ" — > — > {X^)^ — > for each t £ Is,s'- Moreover, by the exact 
sequence in Proposition 1 2 . 4 .51 and induction on n we can assume that there exists an exact sequence 



[fl 

w'7 ~' '^'V'ity 



^ f + U - 1; i-|A ^ Zt £•+ 1; i^A ) ^ 



for each t E Ig.s'- 

Let t e Ig.s' then from Proposition 13 . 5 . 2l Proposition [3331 and Proposition l2.4.2l we have 
dimfe Ext^{£+{n; A) ® X+,X+) 

= dimfe Ext^(£+(n; A), X+ (g) X+) = dimfe Ext^(£: X),X+) = 0, 
dimfe Ext^{£+{n; A) (g) X+,X-_t) 

= dimfe Ext^(£:+(n; A), X-_t g) X+) = dinifc Ext^(f A), A"-.,) = n, 
dimfc Ext|^(£+ (n; A) (8 A'.t , (1 ; a*)) 

= dimfc Exti^(£+(n; A),f +(1; X+) = dimfe Exti^(^£+(n; A),f + (^1; 

^/l (A = j|A^) 
lO (A^ff^)' 

where we note that £^{n] A) has no nontrivial first extension with modules from C{u) with u ^ s, and that 
s £ Jt_s' by Proposition 13. 1.21 (iv). This yields Z( = £^ [n; |||a) as desired. □ 
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Now we can calculate tensor products of £^{m; A) with A4f,{n) or yV^(n) by using projective covers and 
injective envelopes of A^J(n), yV^(n). The proof is analogous to that of Theorem 13.3.11 and is omitted. 

Theorem 3.6.2. For s, s' ^ 1, . . . ,p ~ 1, m > 1, n > 2 and A G P^{k) we have 

£+(m;A)(^M+(7i) 

® (TT)""® (^r)"'""'\ 

A^+(n) (8)f+(m; A) 

= UpJfn;i-iy'^^x)®{Vtr^--A® (7'+)™("-i)e (T'+r" 



(pr)""© ir,-r<-'^-'\ 



f+(m;A)(g)>V+(n) 



(TT)"'"-')© (vr 



\rnn 



(^£+(^m;(-l)^'-i||A)®(7'+r("-i))® (T'+r" ® 



-1) 

jy \' t J 

® (TT)"^"-'^® (n^)""- 

3.7. Tensor products of £^{m;X) and £^(n;fj,). We calculate £f{m;X) ®£^{n;^) by using rigidity 
as the previous subsection. 

We note that there exist following exact sequences: 

£t{m; A) ^ (A;- ^ ^.+ (™; A) ® a^) ^ £+(m; A) ® 0, 

— {X-^sr ^ (n; /i) — > £+(m; A) ® £:+(n; m) — §5 £+(n; ^i) 0. 

The left and right terms of these sequences are computed by using Theorem l3.6.H which proves the next 
result: 

Proposition 3.7.1. For s, s' = 1, . . . ,p — 1, m,n> 1 and A, /i G P^(fc) we have 
£+im;X)(g,£+{n;fi) 

= Vt{s,s';m,n-X,fi)® (T'+r" ® (7^+)™ 



® {vrr^® (TT)"", 

where Vt{s, s';m,n; X, fj.) is a module inC{t). Moreover, there exist exact sequences 
^ £;., (^m; -Ma^ ^ Vt(s, s'; m, n; A, m) [rn; ||a^ 



0, 



> £j,_t[n;{-iy^^ij — >Vt{s,s']m,n;X,^i) >£+[n;{-iy ^-^^ 



Now we shall determine the indecomposable decomposition of Vt(s, s'; m, n; A, 
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Theorem 3.7.2. For s, s' — 1, . . . ,p — 1, t E Is,s' , m,n > 1, and A, /i e P-'^(fc) we have 



[t] '^-y ^) [t] 



where we put I — min{m, n}. 
Proof. We have 

dimfe Exti^(£+(m; A) f 

= dimfc Exti^(£+(m; A), A'+ ® £p_,,{n; (-1)^ m)) 

Ns'+t-l 



dimfe Ext^j(£t{m; X),£-_, i^n; (-1)^ 
imm{m,n} ((-l)"-i[s]A = [s']/i) 



[0 ((-iriMA^[s»' 

dimfe Ext|j-(£+(m; A) (g) £^,{n; fi), Xp^t) 
= dimfe Ext|^(f +(m; A), A"-., ® 



_ir 1 , / r /I \ ' = s - s + 1 mod 2 for t e Is,s') 



dimfe Ext^f £+(m; A),£+ ( n; (-1)^'+* 



-M 



_ |miii{m,n} [s]A = [s» 

"jo ((-iriHA^[s»' 

These equahties and the exact sequences in the previous proposition show that, if (— l)''^^[s]A ^ 
Vt(s, s'; m, n; A, /i) is a projective module, hence it is isomorphic to {V^)™-^ . 

From now on we assume (— l)''^^[s]A = [s']/i and denote this same value |||A = (— by Vf Then 
again from the equalities above, the nonprojective direct summand of Vt(s, s'; m, 1; A, /i) is isomorphic to 
£t{l,vt)®£-_t[^.-yt). 

For general n, using the result for n = 1 we have 

dinifc Ext^(£+(TO; A) ® (n; ^), £+ {l; vt)) 

= dimfeExti^(f+(m; A),f+(l;z.O -^fp'-s'l"; (-l)'V)) 
= dimfe Ext^(f +(m; A),f +(1; A) -A)) 
= 2. 

This equality and the previous equalities show that the nonprojective direct summand of Vf (s, s'; m, n; A, /i) 
is isomorphic to £^ (min{m, n}, I't) ® £p-t (niin{m, n}, —ft) . The assertion follows. □ 



Theorem Em Theorem EXB Corollary Theorem EXH Theorem [Mil Theorem [SXl Proposi- 

tion 13.7.11 Theorem 13.7.21 and obvious combination of them give indecomposable decomposition of tensor 
products of arbitrary [/-modules. 

From the results in this section we have 

Proposition 3.7.3. (i) Let Z\, 2,2 he Uq{sl2) -modules. If 2i nor Z2 do not have any indecomposable 
summand of type £ , we have Z\® 22'^ Z2® Z\. 

(ii) If p — 2, for arbitrary U q{sl2) -modules Z\, Z2 we have Zi ® Z2 Z2 ® Zi. 

(iii) If p > 3, there exist U q(sl2) -modules Z\, Z2 such that Z\® Z2'^ Z2® Z\. In particular, L'^^ (5(2) -mod 
is not a braided tensor category. 

Proof, (i) and (ii) are clear. For (iii), set Zi = ^^i^(l; [1 : 1]) and Z2 ~ . □ 
As a by-product we have 

Corollary 3.7.4. If q is a primitive 2p-th root of unity, Uq{5l2) has no universal R-matrices for p > 3. 
That is, it is not a quasi-triangular Hopf algebra. 
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Remark 3.7.5. Let ° be the /c-subalgebra of Uq{sl2) generated hy E,K,K ^. It is a 2p^-dimensional Hopf 

subalgebra of [/^(sb). By the quantum double construction, I?(C/^°) : = D{U^'^) U^'^ has a structure 
of a quasi-triangular Hopf algebra. One can show that there is no surjective Hopf algebra homomorphism 
T^iUq ) — > Uqish)- This fact tells us Ugish) can not be obtained from the usual quantum double con- 
struction, but it does not give a proof of non-existence of universal i?-matrices. 

4. Complements 

4.1. A quasi-triangular Hopf algebra D. The phenomenon which we showed in Proposition 13.7.31 can 
be explained partly by considering a finite dimensional Hopf fc-algebra D which has a Hopf subalgebra 
isomorphic to U. D is defined by generators e, /, t, t^^ and relations 

tt~^ = r^t = 1, ter'^ = qe, tfr^ = q^^f, 
t'P^l, e^^O, f^O. 

q- q 

The Hopf algebra structure on D is given by 

A;ei — >e®t^ + l«ie, Fi — >/(g)l + t"^(g)/, 

tt — ><(g)t, t"^ I — >i"^(g)i"\ 
e:ei — » 0, /i — » 0, ii — » 1, i — > I, 
S:e< — y-et-^, /i — y-t^f, t< — > t-\ t'^ < — > t. 

U can be embedded into D as a. Hopf subalgebra by 

l:E\ — >e, Fi — >f, K> — >t^. 

We remark that finite-dimensional indecomposable I?-modules are classified by Xiao (fX3|, see also [Xlj . 
[X2| ). Those are parametrized by the positive root system of type Ag^-* and some additional data. 

As in [FGSTlj , 13 is a quasi-triangular Hopf algebra and has an universal i?-matrix 

p-l 4p-l , ^ 

4p ^ m ! 

' m=0 n,j=0 ^ ' 

This shows that Z3-mod is a braided tensor category. 

Definition 4.1.1. Let Z be a finite dimensional ?7-module. The {/-action on Z is defined by a fc-algebra 
homomorphism p: U — > Endfc(Z). We call 2 liftable if there exists a fc-algebra homomorphism p' : D — > 
Endfe(Z) such that p ~ p' o l. The map p' is called a lifting of p. 

The following lemma is easy to verify. 

Lemma 4.1.2. Each indecomposable U-module except Sf^{n; A) (A 7^ [1 : 0], [0 : 1]) is liftable. On the other 
hand, £^{n;X) (A 7^ [1 : 0],[0 : 1]) is not liftable. As a by-product, a universal R-matrix R can act on 
Zi ® Zi for liftable modules Z\, Zi, and if either Z\ or Zi is A) (A 7^ [1 : 0], [0 : 1]), R can not act 

on Z\® Z2. 

As we already mentioned, Xiao [X3] classify all finite-dimensional indecomposable D-modules. In his 
list, there is the indecomposable D-module T*(a, K,n) where l<s<p — 1, aG {1,-1, V— — V— 1}: 
K — (ki,K2) G (fc^)^ and n is a positive integer. In Appendix B, we will give the explicit construction of 

Assume a G {±1}- As a J7-module, T'^ia, k, n) decomposes into two indecomposable modules (for details, 
see Appendix B): 

T''{a,K,n) = £^{n;y/K^) f -^k^kJ ). 

Here we set /?) : = £t {"^'^ [1 ■ /^l) /? G fc. 

Let Z he a liftable [/-module and, by a fixed lifting p' : D — > Endfe(Z), we regard Z as a Z3-module. 
Since D has an universal i?-matrix R, there is an isomorphism of ZJ-modules: 

oR: T"(a, k, n) Z ^ Z T'ia, n, n). 
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where a{a (g) 6) = 6 (g) a. This isomorphism induces 

{£+{n;y/E^)® Z) © {£+in;-y/J^)(g} Z) ^ (Z (g) 0^1^)) © {Z (g) £+ (n; -^/J^)) . 

Since J7 is a subalgebra of D, the map above is also an isomorphism of [/-modules. However, it interchanges 
the first and the second component, namely it induces isomorphisms of [/-modules 

f ^KiK2 ) ® Z ^ Z ® £^{n; -^KiK2 ) and S^in; -y/KiK2 ) <S) Z Z (g) f y/KiK2 )• 

This explains "why" the difference between Zi (g) Z2 and Z2 <g) -Hi is no more than the sign differences in 
the parameters of the modules of type £^ . For the case of type £~ , the situation is similar. 

Appendix A. Finite-dimensional Hope algebras 

In this appendix, we give a quick review on known results on representation theory of finite-dimensional 
Hopf algebras. These results can be found in jBKj . [Ben], [CP) . [K], |^, and [Sw| . 

A.l. Basic facts. Let IK be a field and A an algebra over K. For a right A- module M, the dual space 
D{M) : — HomK(Af, K) has a left A-module structure defined by 

(a A)(m) = ^i{ma) (a G ^4, A G D{M), m e M). 

Here we denote by ^ the left A-action on D{M). 

From now on we assume A is a Hopf algebra with coproduct A, counit e and antipode S. A right integral 
/i of A is an element of D{A) satisfying 

{p. (g) id)A(a) — ^i{a)lA 

for all a e A. Here Ia is the unit of A. The following theorem is due to S weedier jSwj (See also [R]). 

Theorem A. 1.1 ([Sw ). Assume A is a finite- dimensional Hopf algebra over K. 

(i) Up to a scalar multiple, there uniquely exists a right integral fi. 

(ii) Regarding A as a right A-module, D[A) has a left A-module structure. For a right integral fi, the map 
A — > D{A) defined by 

a I — > (a ^ /i) 

is an isomorphism of left A-modules. 

(iii) S is bijective. 

Remark A. 1.2. The right integral of C/g(s/2) is given by 

fi{F'E"'K'') = cd,,p.i6^,p.i6n,p+i (c e fcx). 

The following corollary follows from the second statement of the theorem. 

Corollary A. 1.3. If A is a finite- dimensional Hopf algebra, A is a Frobenius algebra. As a by-product, the 
following are equivalent: 

(a) M is a projective A-module. 

(b) M is an infective A-module. 

A. 2. Rigid tensor categories. In this subsection, we introduce a notion of rigid tensor categories following 
Bakalov and Kirillov, Jr. [BKj . 

Let C be a tensor category with the bifunctor (g) : C x C — > C and the unit object 1 e ObC. For V £ ObC, 
a right dual to V is an object D^{V) with two morphisms 

e^: D^{V)(g)V — * 1, 

i^: 1 ^V<»D^{V), 

such that the two compositions 
and 

D'^iV) ^ D^{V) ® 1 ' ' . D^{V) ®V® D^{V) 1 ® D^{V) ^ D^iV) 

are equal to idy and id£)R(y), respectively. 

Similarly to the above, we define a left dual of V to be an object D'"{V) with morphisms 

e^: V(g)D^{V) — > 1, 
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i^: 1 — >D^{V)(g)V 

and similar axioms. 

Definition A. 2.1. A tensor category C is called rigid if every object in C has right and left duals. 

Proposition A. 2. 2. Let C be a rigid tensor category and Vi, V2, V3 objects in C. 

(i) Homc(Fi, ^2 «) V3) ^ Homcp^(^2) «) Vi, V3) ^ Homc(Fi ® D^iVs), V2). 

(ii) Homc(Fi (E> V2,V3) ^ Homc(Fi, V3 (E) D^{V2)) = Home (1^2, ^^(^^i) ® V^). 

Proof. We only prove the first isomorphism of (ii). The others are proved by the similar way. 
Define a map Homc(Vi ® 1^2, V's) — > Homc(Fi, 1^3 ® £'^(^2)) by 

$(/) : ^ 1/1 (g) IK Vi (g) ^2 «) D'^{V2) ^ V3 «) D^iV2) 

for / e Homc(Vi ® V2, V3). We remark that, by the rigidity axioms, $(/) gives an element of Homc(Vi, V3 (E) 
D^{V2)). Similarly we define a well-defined map 'i' : Homc(yi, V3 (g) J3^(V2)) — > Homc(Vi (g ^2,^3) by 

4'(<7) : V^i ® V2 ^ 1^3 D^{V2) g) 1^2 ^ ' V3(g>K=V3 

for g e Homc(V^i, ^3 £'^(^^2)). 

It is easy to see that $ and vj/ are inverse each other. Thus, we have the statement. □ 

A. 3. The module category over a finite-dimensional Hopf algebra. Recall that A is a finite-dimensional 
Hopf algebra over a field K. Let A-mod be the category of finite-dimensional left A-modules. It has a struc- 
ture of a tensor category associated with the Hopf algebra structure of A. 

For a finite-dimensional left A-module V, we define two left module structure on D{V) = HomK(V,K): 
for a e A, A G D{V) and v €V, 

{a X){v) = X{S{a)v), 

{a ^ X){v) = X{S-\a)v). 

We denote by D^{V) the first left A-module structure on D{V) and by D^{V) the second one. 

Remark A. 3.1. (i) Since A is finite-dimensional, the antipode S is bijective (Theorem lA.l.ll (iii)). Thus, 
5*^^ is a well-defined anti-isomorphism of A. However, {A, A, e, S~^) is not a Hopf algebra in general. More 
precisely does not satisfy the axiom of an antipode. 

(ii) If ^ idA, D^{V) is not isomorphic to D^{V), in general. We remark that ^ id^ for A = C/q(s[2). 
By the construction, it is easy to see that 

D^{D^{V)) ^ V and D^{D^{V)) ^ V. 
The following proposition is easy to verify. 

Proposition A. 3. 2. Let V be an object in A-mod, {vi} a basis of V and {v*} the dual basis of D{V). 

(i) The K-Unear maps : D'^iV) (g) V — andi^:K — > V (g) D^{V) defined by 

ey(A (g w) = A(w) and Zy (a) = a (g w*^ 

are homomorphisms of left A-modules, where we regard K as a left A-module via the counit e. Therefore 
D^{V) is the right dual to V. 

(ii) Similarly, the ^-linear maps Cy : and iy : K — > D^{V)(g>V defined by 

ey(u g) A) = A(w) and iy{a) — a ^^^v* iSi 

are homomorphisms of left A-modules. Therefore D^{y) is the left dual to V . 

(iii) A-mod is a rigid tensor category. 

As a consequence of the rigidity of A- mod and Proposition I A. 2. 2| we have 
Corollary A. 3. 3. Let Vi,V2,V3 be objects in ^-mod. 

(i) RomAiVi, V2 (g V3) = RouiA{D^iV2) (g Vi, V3) ^ HomA(Vi (g £)^(l^3), ^^2). 

(ii) UomAiVi (g V2, V3) = Hom^(Fi, V3 (g D^{V2)) = HomA(F2, D^{Vi) (g ^3)- 
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Corollary A. 3. 4. Let P be a projective module. Then P iSiV and V (g) P are also projective for any object 
V in A-mod. 

Proof. We only show the projectivity oi P ^V. Let Wi and W2 be objects in A-mod, and g : Wi — > W2 a 
surjective A-homomorphism. It is enough to show that 

: HomAiP ® V, Wi) — > Hom^lP (E> V, Wi) 

is surjective. Let us consider the following diagram: 

HomA(P ® y, Wx) — ^ HomA(P ® V, W2) 

HomA(P, Wi (g) D^{V)) > HomA(P, 14^2 D^{V)) 

(3®id). 

where the vertical arrows are the isomorphisms constructed in the proof of Proposition IA.2.21 By the 
construction this diagram is commutative. Since P is projective, {g (g) id)» is surjective. Thus 5, is also 
surjective. □ 

Corollary A. 3. 5 (c/. Proposition 13. 5. 2"| . Let Vi,V2, V3 be objects in A-mod. For any n>0, we have the 
following. 

(i) E^VXiVi,V2 (8) ^3) = Ext:^p«(F2) ® Fi, ^3) = Ext:^(Fi ^^(Fa), V2). 

(ii) Ext:^(Fi «) 1^2,^3) = Ext:^(Fi,y3 «) ^^(^2)) ^ EiitliV2,D^iVi) ^ V3). 



Proof. We only prove the first isomorphism in (ii). Take a projective resolution of Vi 



^ Pi{Vi) ^ Pq{Vi) ^Vi^Q. 



Then 



R,^^ _ Kcr(d;+i : HomA(Pn(Vi), ® ^^(^2))^ HomA(Pn+i(T^i), ® ^^(^2))) 
Im (d* : Hom^ (P„_ 1 (Vi ) , 1^3 ® (^^2 ) ) ^ HomA (P„ (Fi ) , 1/3 ® ( ) )) 



Since — V2 is an exact functor, the sequence 

1 Pi (1^1) ® V2 % Po(Vi) ® V2 1 Vi®V2—^Q 

is exact. Moreover, since Pn{Vi) ® V2 is projective for any n>Q, this sequence gives a projective resolution 
of Vi (8) V2 • Therefore we have 

Ext"fF V V = ^^'^(('^"+1 ® ■ HomA(Pn(Vl) ® ^OUlA{Pn+l{Vl) ® V2.Vz)) 

""^^^^ ^'^ Im((d„®idvJ*: Hom^(P„_i(yO<^"^'2,V3) -^Hom^(P„(yi)(8y2,V'3)) 
By the construction, there exists a commutative diagram: 

Hom^(P„(V^i), 1/3 ® D^iVi)) HomA(P„+i(Vi), I/3 ® D^iV2)) 

[• [• 

Hom^(P„(Fi)0\^2,1^3) ^ Hom^(P„+i(Fi)®F2,y3) 

(d„+i®id)* 

This diagram induces an isomorphism Ext^(Vi, V^g ® D^{V2)) Ext^(Vi (g) V2, V3). □ 

Appendix B. The modules £+(n;A) and T''{a,K,n) 

B.l. The module £^{n; A). Recall that £^{n; A) is defined as the image of £^{n; A) under the functor 
where 1 < s < p - 1 and A = [Ai : A2] G P^(A;). Since the explicit forms of primitive orthogonal idempotents 
of U are given by Arike [Ari2| . one can determine the explicit form of £^{n; A). The result is the following: 
The basis of £^{n; A) is {6f (to), a;j(m) |0<i<s — l,0<j<p — s — l,l<m<n} and the action of 
E, F, are given as: 

1 A2a;^_,_i(TO) -Ka;;_,_i(m- 1) (« = 0), 



P6?(TO) = <i Pxj(m)=a;j+i(TO), 



6f+i(m) (^^.s-l), 
Aixg(m) (i = s-l), 

where we set (0) = and Xp_^{m) = 



TENSOR PRODUCTS OF MODULES OVER i7<,(s[2) 
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eel{a,m) 
eel{a,m) 



B.2. The module T^{a,K,n) and its decomposition as J7-module. Let a G 

K = (ki,K2) € (fc^)^ and n be a positive integer. The indecomposable £)-module T^{a,K,n) is defined as 
follows: 

The basis of T^{a,K,n) is {el^{a,m),el^{a,m) | 0<u<p — l,l<m<n} and the action of e,f,t^ is 
given as: 

t^elia, m) = a^q^(^-'-^^^'^el{a, m), t±e:(a, m) = -a±g±(^-i-2«)/2e^(a, m), 

a^[u][s — u]e^_]^(Q!,m) (m ^ 0), 

Kiep_i(a, to) + ep_j(Q;, TO — 1) (u = 0), 

q;^[u][s — u]e^_]^(a,TO) (w 7^ 0), 

K2ep„i(Q;, to) + ep_j(Q!, TO — 1) (m = 0), 
/<(". "^) = e^+i(a, m), /e^(a, m) = e^_^i(a, m), 
where e^(a,0) = e*(a, 0) = and ep(a,m) = ep(a, m) = 0. 

Assume = 1. Consider an invertible (2n x 2n) matrix Q which satisfies 

1/ O J {n; K2) \ ^ _ f J{n; ^kxKi ) O \ 

V J(n;Ki) O yl*^ V J(n;-VM^) 

where J(n; /?) is the (n x n)-Jordan cell with the eigenvalue /?. Define (a, m), b^(a, m) (0 < w < p — 1, 1 < 

TO < n) by 

(b^(a, 1), • • • , b^(a, n), b^(a, 1), • • • , b^(a, n)) := (e^(a, 1), • • • , 1), • • • , 

and a A;-linear isomorphism ^ : T'^{a, k, n) — > £^{n; ^/kiK2) © £^{n; — y^kT^) by 

(s<u<p-l), [x^_^{m} (s<u<p-l), 

where we denote by {6*'^(to), a;^'^(TO)} the basis of £f{n; ±y/KiK2 ) which is introduced in the previous 
subsection. By the construction, it is easy to see that ^ is an isomorphism of ?7-modules. 
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